PHYSICAL REVIEW D, VOLUME 61, 085008

Dependence of the vacuum energy on spherically symmetric background fields
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The vacuum energy of a scalar field in a spherically symmetric background field is considered. Based on
previous work[Phys. Rev. D53, 5753 (1996], the numerical procedure is refined further and applied to
several examples. We provide numerical evidence that repulsive potentials lead to positive contributions to the
vacuum energy. Furthermore, the crucial role played by bound states is clearly seen.

PACS numbgs): 11.10.Ef, 02.30-f, 11.10.Gh

[. INTRODUCTION using other techniques, have been performed earlier, e.g., in
Refs.[13] and[14].

The calculation of vacuum energies in the context of This paper is organized as follows. In Sec. Il the basic
quantum field theory under external conditions plays an imhotations of the method used are explained. In Sec. lll the
portant role in several areas of modern theoretical physics.asymptotic” contribution is calculated. In Sec. IV the nu-
External conditions may be generated by classical fi¢fafs merical procedure is developed in detail followed by a sec-
example, gravitationdll] and electromagnetic fields, mono- tion conyaining the examples calculated. The results are dis-
poles[2,3], sphaleron$4], or electroweak Skyrmior[§]), or ~ cussed in the conclusions.
they may be realized through boundaries at which the quan-
tum field has to satisfy certain boundary conditigsse, for Il. THE MODEL, ITS RENORMALIZATION AND SOME
example, Ref[6]). External fields most naturally appear as BASIC RESULTS
classical solutions of some physical nonlinear equations, but
they may also be viewed as a localized property of space
representing a distribution of matter within which the quan-
tum field exists. For external fields realized as boundaries | — Eq,(D_ M2\ D2) D+ E(,D(D—mz—)\'(bz)go,
this situation is usually called the Casimir effect. There are a 2 2
number of generalizations towards weakened boundaries, (1)
e.g., by introducing semihard wallg] or transparent bound- ) , . )
aries realized by delta functiori§]. For those interested in Here the fieldD is a classical background field. By means of
such calculations see, e.g., Rgf®,10].

A formalism to deal with arbitrary background fields has
been developed in Ref11] for a background depending on
one cartesian coordinate and in RéL2] for a general
spherically symmetric background. However, these method
had been applied to a square well potential only where the
interesting quantities can be expressed in terms of Bess{ﬁ

We consider the theory described by the Lagrangian

V(Xx)=\'d? 2

it defines the potential in Eq1) for the field ¢(x), which
ghould be quantized in the backgroundwiix).

Our interest is in the vacuum energy of the theory which
defined as half the sum of the one particle energies of the

functions. leld ¢(x),

The aim of the present work is to show that this formal- 1
i§m is well suite_d for arbitrarily s_hape_d sphe_ricglly symmet- E[P]= 5 2 ()\(ZH)Jr m2)Y2-s,2s 3)
ric background fields. We investigate in detail different types (n)

of background fields as examples. It is observed that the

main feature of the vacuum energy is determined by thavhich is the ground state energy of the quantized fiéld
number (and depth of bound states. As long as these areaccording to the well known formul&,= X (% w(n)/2).
kept fixed when varying parameters the general behavior dfieres is the regularization parameter wigh-0 at the end
the energy is the same within the class of examples considind u is an arbitrary mass parameter. T)h%ﬂ) are the one-
ered. At the same time we find that the presence of boungarticle energy eigenvalues determined through

states does not fix the sign of the ground state energy. Simi-

lar calculations, however, with a less extent of details and [—A+V(x)]¢(n)(x)=>\(2n)¢(n)(x). 4

For the moment a finite volume is assumed in order that the

*Email address: Michael.Bordag@itp.uni-leipzig.de Hamiltonian has discrete eigenvalues.
"Email address: Meik.Hellmund@itp.uni-leipzig.de The spectral function appearing in Eg) is related to the
*Email address: klaus@al3.ph.man.ac.uk zeta function of the wave operattf)
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_ lim E*T®]=0. (10
§v(3):% Ny +m?) s (5) M ©
b For a massive field this is the natural condition requiring a
y vanishing energy of the quantum fluctuations when the field
1 becomes heavy. As discussed in REf5] this delivers a
EJfP]= Egv(s_ 1/2) w?s. (6) unique definition of the ground state energy contrast to

the case of a massless field, see the discussion in[ Ref.

The ultraviolet di ined in th q and also in Ref[16]).
e ultraviolet divergences contained in the ground state en- 1, proceed we follow Ref.12] and use the representation

ergy (3) need to be renormalized. The divergences are knowg o reqylarized ground state energy in terms of the Jost

and best expressed in terms of the heat kernel coeffic‘k;ntsf tionf.(K) of th tteri bl dina to E
related to the operator defined in E@). Using these the (Z)nc lonf(k) of the scattering problem corresponding to Eq.

divergent part of the ground state energy reads

COSTS <
. 1 4u® 1 EJJP]=— > (1+1/2
Ele[q)]:_ _+ i__ AO (p[ ] /'L ;O( )
0 2ls T2 2
* Jd
m? (1 a4y xf dk[kz—mz]m—s%lnf,(ik). (11)
+ —+In——-1|A, m
327 m?
1 (1 4u? We remind the definition of the so-called regular solution
3042 §+| — "2 |A, () ¢n,(r) of the radial wave equatiofsee, e.g., Ref.17]),
dz  1(1+1) 5
| . , : V(K 4oy (N=0. (12
with the coefficientsA;=—[dxV(x), A,=3 dxV(x)? dr r

andA, is the spatial volume. The contribution &f will be . . )
dropped from now on without further comment because itThe regular solution behaves for-0 as the fredi.e., with-

does not depend on the background. out potential solution. The Jost functiofand its complex
The renormalization procedure is determined by the deficonjugate are defined as the coefficients in the asymptotic
nition expansion of this solution as—oe:

i o * nt
E:::n: E¢[CD]—E2'V[CD] (8) ¢|,p(r)r:w§[f|(p)h| (pr)_fl (p)hl (pr)]v (13)

_ ~whereh; (pr) andh;" (pr) are the Riccati-Hankel functions.
and the corresponding counterterms can be absorbed into & |pstead of dealing explicitly with eigenvalues, the vacuum
redefinition of the parameters!® and \ of the classical energy is expressed in terms of the Jost function. Although
background field with energy representatioil1) does not reveal explicitly the dependence

of the energy on the bound states, it was shown in Re&X|
- that their contribution is correctly included. This fact, and
Eoiasd P]= Ef dx(V)*~ 2_MA1+WA2' © " furthermore the nonoscillating behavior of the Jost function
on the imaginary axigsee Eq(11)] gives the representation
It might be useful to note that among the divergent contribuJn Our opinion calculational advantages with respect to alter-
tions (7) to the ground state energy there are no terms probative representatior(g.g., integrating the scattering phases
portional to the kinetic part in the Lagrangian of the back-OVer the reak axis). . o
ground®(x). Within the given framework this is a simple ~ TO procet_ed we have to perform the ar_1alyt|c continuation
consequence of the structure of the heat kernel coefficientd) S to s=0 in representatio8) of E" using Eq.(11) for
Sometimes the first two terms of the perturbative expansioff [ P]. This is not immediately possible because in the rep-
of Eq[®] with respect to powers of the background fieid resentation11) the largel andk behavior of the summand
are considered as the divergent part of the ground state effads to a divergent result. However, subtracting and adding
ergy (e.g., in Ref.[14]). This has the disadvantage of con- the uniform asymptotic expansion fig?’"(ik) of In f,(ik) an
taining nonlocal contributiongcontrary to the heat kernel analytical continuation can be obtaingir further details
expansion which is localand invites to discuss the kinetic see Ref.[12]). As a result we get the sum of two parts,
term among the divergent ones which is in fact unnecessaryiamely,
As the renormalization procedure is not unique, a normal- e
ization condition must be imposed. We require Ep TP]=E{P]+E.{ P] (14)

2
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with *
cog 7S
Ed0]-— 227255 (14112
=0
><J'mdk[kz—mz]%*silnfasy”tik)—Edi"
. m ok ¢
1 o0
E{D]=— g > +1/2)f dkk?—m?]%2 (16)
=0 m
The first contributionEs[ ®] is called thefinite part. The
d _ _ regularization parametes has already been put to zero be-
Xoelnfiik)=In frmik)] (19 cause the sum and the integral are convergent due to the
subtraction. The second contributidf,{ ®] is called the
asymptoticcontribution. By construction it has a finite limit
for s—0 which is determined below. We will need the
asymptotic expansion ¥"ik) for v—co, k—o, v/k
and fixed. Up to the required order of 2 it reads[12]
|
1 (= rv(r) 1 rv(r) 6 5
|nflasyntik):_f dr i T f dr 73| 1— 2 272
2 kr 3 kr k kr
T T ] o
14 14 14 14
1 (= r3Va(r)
- —f dr ———7273m" 17
813Jo kr)
1+|—
14
with v=1+1/2.
Il. THE ASYMPTOTIC CONTRIBUTION
First of all thek-integrals in Eq(16) can be done explicitly using
n—-1 3 v \"
- R _ 1-2s
dek P AP LUk " i )F(z S) (mr) - 18
m [ ] k V == F(nlz) ( ( v )2)s+(n1)/2- ( )
1+ —
mr
This naturally leads to functions of the type
* v 21—-s-b
flsab)= > |1+ —) , (19
v=1/2,3/2, ... mr

which need to be evaluated arousd —1/2. The way to deal with these functions has been developed in R&ifand for
completeness the relevant results are provided in the AppendiXABg. Using these, it is a simple exercise to find

E’e'[CI>]=—ifocdrrzvz(r)ln(mr)—ijmdrV(r)dev ?
as 8 0 2 0 0 1+e2

__f dr[ 2V2(r)— —V(r)“' dv(ddv1

1d 2
VdVl+ 27y

__f drv(r) f dv[ddv<

1
4&7 drV(r)j dv

1d1d

vdv vdv 14e2m

|

2_ 2
—In[v®—(mr)?|

)In|v2—(mr)2|

}In|v2—(mr)2|

Hln|v2—(mr)2|, (20)
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suitable for numerical evaluation.

IV. NUMERICAL DETERMINATION OF THE JOST
FUNCTION AND THE INTEGRATION PROCEDURE

Under the assumption that the potential has compact sup-

port, let's sayW(r) =0 for r =R, the regular solution may be
written as

1501 = U o) O(R=1)+ SR (p)

—fF(ph’(pr)]O(r-R). (21)

This solution and its derivative must be continuous atR
leading to the matching conditions

Uo(R) = SRR (PRI~ ()R] (PR

Ul o(R)= 5PLA(IR (BRI~ T (A (PR

PHYSICAL REVIEW D 61 085008

To fix the solution uniquely we only need to fix ;,(0). A
power series ansatz f@; ;,(r) aboutr=0 shows that for
V(r)=0(r 1% the condition reads, ;,(0)=0. With this
unique solution of Eq(23), the Jost function takes the form

2 pR |+3/2
fl(ip):m(7) {gl,ip(R)KI+3/2(pR)

1
+Eg|’,ip(R)K|+1/z(pR))- (24

Finally, after a partial integration and the substitutign
=k?—m? in Eq. (16), the starting point for the numerical
evaluation used foE; is

Ef:E > +1/2)qu[|n f,(i g2+ m?)
T =0 0
—In f2MiJgZ+m?)],

where Inf*™is given by Eq.(17).

(25

V. EXAMPLES

From these conditions we get the Jost function in terms of

the regular solutions

1 ., R
fi(p)=— 5[|ou|,p(R)h.+ (PR —u/ (RN (pR)],
(22

where we used that the Wronskian determinankofis 2i.

In order to determine a unique solution of the differential
equation(12), we need to pose the initial value problem cor-

responding to the regular solutiop, ,(r). We have, forr
—0,

. \/_ 1L
¢I,p(|’):U|‘p(r)~J|(pr)~r‘(T’J;/Z)(%) .

We change to the new function

NG (pr

I+1
Uy p(r)= T+32) ?> gi,p(r)

with the initial valueg, ,(0)=1. The differential equation
for g; ,(r) reads

@@ Jeid o Iy
F+ T ar (N+p°9ip(r)=

or, on the imaginaryp-axis written as a first order differential
equation with @/r)g; ip(r)=v, ip(r),

0 1

9|,ip(|’))

d (g|,ip(r)) (
el 2
V(r)+p? _F('”) vyip(r)

dr U|Yip(r)
(23

The method described above works for radially symmet-
ric potentials® (r) having compact suppofe(r=R)=0. In
order to have a finite classical energy, Eg), we also de-
mand®’(r=0)=®’'(r=R)=0.

In the following we use dimensionless quantities:

(26)

-

Pzﬁi

!

N2 _1 _)\ 2
V(r)=\"® (r)—gv(p)—gcp (p)

such thate=e¢[ ¢,u]. Therefore, largew corresponds to
largeR or to largem.

We studied two types of potentials. Typeis lumplike
concentrated around=0 whereas typ® has its maximum
at R/2, acting as a spherical wall:

_ b(1-p?)?
@A(p)_b_’_—pzv (27)
)= 16bp*(1-p)?
es(p _—b+(1—2p)2 .

The parameteb allows to vary the shape of the potentials, as
indicated in the insets of the figures.

Our numerical implementation of E@25) showed that
the sum over angular momenta converges quite fast, usually
after 10-50 terms. Hereby, the numerigahtegration pro-
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FIG. 1. Binding energy of bound statéBS) for the typeA potential and negativie’ [the inset shows(p) whereV(p)=\'¢?(p)].

cedure has to solve the system of ordinary differential equa- The most determining property of the potenti&lr) in

tions Eg. (23) for every evaluation of the Jost function
fi(ip).

the attractive cask’ <0 is the number and depth of bound
states. The parameter dependence ofl th® bound states,

As a check, we compared our results with the asymptotigletermined as zeroes of the0 Jost function, Eq(24), is

formulas

1
Aolog— for u—0,
1672 200
e~ 1A (28
s for u—oo,
32m? u?

whereA,=1[dxV(r)? is the second heat kernel coefficient
andAz= % [dx[ $V(r)AV(r)—V(r)®] is the third one. These
relations follow from scaling arguments together with the

shown in Figs. 1 and 2. Number as well as depth of the
bound states increases with increaging and with increas-
ing b, too.

As Eq.(25) shows, the Casimir energy develops an imagi-
nary part(corresponding to particle creation by the external
field) when theq integration passes a zero of the Jost func-
tion. E; is real as long ag is larger than the depth of the
highest bound state. Therefore we indicate in our Figs. 3—6
the positions of bound states on theaxis by vertical lines
where the plots of the Casimir energy end.

To show clearly the influence of the form and spectrum of

well known property of the heat kernel expansion being theV on the vacuum energy, we consider the dependence of the

asymptotic expansion for large masses.

energy for fixed\’' and different values of the parametgr
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FIG. 2. Binding energy of bound states for the typ@otential

and negativk’ [the inset shows(p) whereV(p)=\’¢?(p)].
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0.5 T T T T T T T T T
€ &1 (no BS)
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25 ] ] ] ] ] ] ] ] ]

0 1 2 3 4 5 6 7 8 9

FIG. 3. Casimir energy for typA potentials of different shapes witth = —100. The positions of bound states at ja@xis are shown
as vertical lines.

Figs. 3 and 4, as well as for fixed shapeand different The same features are clearly recovered in Figs. 5 and 6.
depths\’ in Flgs..5 and 6. These figures demon;trate tha.t theor (—\’) large enough a negative vacuum energy is ob-
vacuum energy is determined by two competing contributained. With decreasing{\’) the energy increases and can
tions, the positive contribution of the scattering states and thgg positive or negative depending on the parameter

negative contribution of the bound states of the potential. Again, at some point the scattering states dominate, the en-

Let us start with a description and interpretation of Figs. 3 I
S er ets positive and tends to zeroNdstends to zero. For
and 4. Forb large, the contribution of the bound stedeto g9y 9¢'s p

) ositiveN’ the energy starts to increase again, being virtuall
the vacuum energy is large enough to overcompensate tfP gy 9 g y

1 r— H ren;
contribution of the scattering states and the energy is negégentlcal for the two valuek "= =2, and it seems tha,, "is

tive. At some “critical value” ofb, the energy of the only a monotonically.inc.reasi.ng function af for A\'=0. Since .

remaining bound state is so small that the positive contribu?V€ S€€ no qualitative difference between our two potential

tions of the scattering states get the upper hand, and tH¥PeSA and B, we expect these features to be universal.

vacuum energy is positive. Finally, fds—0 we have by Given that the dependence of the energy\oris somewhat

normalizationE™®Td®=0]=0, such that at some poif@®"  nontrivial, let us show this dependence explicitely for type A
[ ’ ¢

starts to decrease again with decreaging potentials in Fig. 7.
6 1 1 1 1 1
e b= 10 (Second BS) ———
b= 0.1 (First BS) ------
4] T b= 0.001  (First BS) ------- -
A b=0.0001 (no BS) e
2 [T .
0
200 T -
4 7 .
6 4
8} u
10 1 1 1 1
0 2 4 8 10 12

FIG. 4. Casimir energy for typB potentials of different shapes with’ = —100. The positions of bound statéBS) at the . axis are
shown as vertical lines.
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02 I 1 I I I I

€

=l =10
0.15 | -

0.1

0.05

-0.05

01 ] ] ] ] ] ]

n

FIG. 5. Casimir energy for typA potentials of different magnitudes with equal shape parameter= 1. The positions of bound states
existing forn’=—18,—19.4, and— 20 at theu axis are shown as vertical lines.

As long as no bound states exist, the sign\ofis not  external potentials as long as they are smooth and have com-
important and the energy is nearly symmetric aboUt0. pact support.
The contribution to the energy of the scattering states does The behavior of the Casimir energy shows some interest-
not depend much on the sign af. The symmetry is dis- ing features. The existence of bound states is a necessary but
turbed as soon as a bound state shows up and the energy tH3hn0 means sufficient condition for a negative vacuum en-
decreases with decreasing because the bound state depth€'dy- Even in the presence of bound states the sign of the

as well as the number of bound states increases. energy can depend on the scale parametére., the mass of
the quantum field measured in units of the sReof the
potential.
VI. CONCLUSIONS For shallow potentials without bound statesnall |\ '|)

the Casimir energy is nearly invariant under a change of the

We demonstrated that our method is quite feasible fosign of the potential whereas for deep attractive potentials

calculations of the Casimir energy in realistic three-the negative contribution of the bound states dominates the
dimensional examples for arbitrary spherically symmetricvacuum energy.

02
€
0.15

0.1

FIG. 6. Casimir energy for typB potentials of different magnitudes with equal shape parameter 1. The positions of bound states
existing for\’=—15 and— 10 at theu axis are shown as vertical lines.
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0|
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FIG. 7. Casimir energy for typé potentials for different magnitudes’ and equal shape parameter1 as a function of the
parameteiu.

On the other hand we found no qualitative differencescan be used for the calculation of quantum corrections to
between a lumplike and a ringlike classical background conelassical objects such as Skyrmions and others.
figuration. Further, the potentials considered have a power-
like decrease at spatial infinity. However, in the numerical
procedure they are cut at some finite radius so that they be-
come effectively of finite size. We found that the numerical K.K. had been supported by DFG under Grant No.
results are insensitive to this. The method developed herBo 1112/4-2.
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APPENDIX: ANALYTICAL CONTINUATION
OF THE ASYMPTOTIC CONTRIBUTIONS

The essential formulas for the basic seriés;a;b), Eqg. (19), in the calculation are the followingve usex=mr):

- v\?\7S 1nIT'(s—n—1) X 2n+1 v\2]-s
2n+1 1+ — ) —_ X2n+2+ -1 nzf d 1_(_)
v=1/2,3/2, ... v X 2 F(S) ( ) 0 V1+e27TV X
. V2n+l v 2 -s
+(—1)"2co SJ d (—) -1 , Al
(~1)"2c08ms) | dv—— | (A1)
- v\?]7% 1T (n+1/2T(s—n—1/2) e el v\2 ]S

2n 1+<—) =— X2l (—1)"2 si sf d (—) —1} . (A2
v=1/2,3/2,...v X 2 I'(s) (=1) n(ws) « V1_|_ezm X (A2)

Using partial integrations one can get representations valid for all valusmeéded. The explicit results applied for the
calculation of Eq(16) are[we shall use the notatiof(a;b)=f(—1/2;a;b)],

1 1
f(1;1/2=— Ex2+ o

1 ° 2
— f s;1;1/2=——x2—2f dv In’l—(—)
dss:—llz( =72 o 1+e*m X
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2

f(1'3/2)=x—+lenx+x2fwdv 4 1 In|»2—x?|
' 2(S+ 1/2) 0 V14 e2'n’v ’

(3522 = (nx-12 4+X4f°d d(td v || e

(8:52= 3gr1p T Inx- VX 5 | dv | S Tr g [
(572 = — 4 (Inx—3/4p° Xsfwd djpdid o o A3
(5:712= 5051 Y INx=3x°+ 5 | I DG s @ Treem) MY X (A3)

which provide the needed expansions al®a0 in (16).
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